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Synopsis of Thesis

The theory of fixed point is an extensive field of research in mathematics having
various applications. Fixed point theory has played a central role in the develop-
ment of non-linear functional analysis and provided a power tool in demonstrating
the existence and uniqueness of solutions to various mathematical models repre-
senting phenomena arising in different fields such as in Engineering, Economics
, Game Theory and Nash Equilibrium, Steady State Temperature Distribution,
Epidemics, Flow of Fluids, Chemical Reactions, Neutron Transport Theory, Haar
Measures, Abstract Elliptic Problems, Invariant Subspace Problems, Approxima-
tion Problems, Logic Programming, Neural Networks.

In 1986, S.G. Matthwes [96] initiated the concept of dislocated metric space
in the context of metric domains in which the self-distance for any point need not
be equal to zero. In 2000, P. Hitzler and A. K. Seda presented modified forms of
metric space including dislocated metric space and pointed important questions on
topological aspects. In 2006, F. M. Zeyada, G. H. Hassan and M. A. Ahmed [162]
introduced the notion of Dislocated Quasi-Metric Space. Since then, a number of
fixed point theorems have been established by several authors in these spaces.

In this thesis, we have established common fixed point theorems for single pair
and two pairs of mappings in dislocated metric space and two fixed point theorems
in dislocated quasi- metric space which generalize and unify some well-known sim-
ilar results in the literature.

Chapter wise cameo description of the present study is as follows:

CHAPTER ONE deals with the general introduction of fixed point theory. It
includes some fundamental concepts and notations relevant to the development of
fixed point theory. A brief survey of the development of the fixed point theory in
metric space has been presented and some of the well-known theorems have been
stated with a review work on some applications of fixed point theorems.

CHAPTER TWO is intended to study the fixed point theorems of asymptotic

contractions. It deals with basic definitions and the chronological development of
some fixed point theorems of asymptotic contractions.
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CHAPTER THREE is intended to obtain some common fixed point theorems
with suitable examples in dislocated metric space. It includes basic definitions and
some theorems which are relevant for the establishment of our theorems.

CHAPTER FOUR is intended to establish fixed point theorems in dislocated
quasi-metric space. It also includes basic definitions and some results which have
relevance with our theorems.
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Abstract

The notion of dislocated metric space was first time introduced by S. G.
Matthews in 1986 under the name of metric domains. Dislocated metric space
is one of the important extensions of metric space. In 2006, F. M. Zeyada, G.
H. Hassan and M. A. Ahmed introduced dislocated quasi metric space which is
another important extension of metric space.This thesis investigates some new
fixed point theorems in dislocated and dislocated quasi- metric spaces which ex-
tend and unify some well-known similar results in the literature. A survey work
on some fixed point theorems of asymptotic contractions in metric space has also
been presented.
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Chapter 1

Introduction

In this chapter, we give a brief introduction of fixed point the-
ory, some fundamental concepts and notations relevant to the
development of fixed point theory. A brief survey of the
development of the fixed point theory under Meir - Keeler type
contraction in metric space has been presented and some of the
well-known theorems have been stated.

1.1 Introduction

Historically, the concept of fixed point was initiated by H. Poincare
in 1886. The concept of metric space was introduced by M.
Frechet in 1906 which furnished the common idealization of a
large number of mathematical, physical and other scientific con-
structs in which the notion of distance appears. The first fixed
point theorem is due to L.E.J. Brouwer in 1912. The fixed point
theory has played an important role in the problems of non-
linear functional analysis which is the blend of analysis, topol-
ogy and algebra.



A fixed point theorem is one which ensures the existence of a
fixed point of a mapping 1" under suitable assumptions both on
X and 7. Many non-linear equations can be solved using fixed
point theorems. In fact, fixed point theorems has applications
in non linear integral, differential equations, game theory, opti-
mization theory and boundary value problems etc.

Fixed Point Theory is divided into three major areas namely
(i) Topological Fixed Point Theory (ii) Metric Fixed Point The-
ory and (iii) Discrete Fixed Point Theory. Historically, the
boundary lines between the three areas was defined by the dis-
covery of three major theorems: (i) Brouwer’s Fixed Point The-
orem (ii) Banach’s Fixed Point Theorem and (ii) Tarski’s Fixed
Point Theorem.

Apart from establishing the existence of a fixed point, it often
becomes necessary to prove the uniqueness of the fixed point.
Besides, from computational point of view, an algorithm for
calculating the value of the fixed point to a given degree of ac-
curacy is desirable. Often this algorithm involves the iterates of
the given function. In essence, the question about the existence,
uniqueness and approximation of fixed point provide three sig-
nificant aspect of the general fixed point principle.

Banach’s contraction principle is perhaps one of the few most
significant theorems that answers all these three questions of ex-
istence, uniqueness and constructive algorithm convincingly. A
deeper, though especial result is Brouwer’s fixed point theorem
which states that any continuous function mapping a closed ball



B(a,r) of R" in to itself has a fixed point. In general, Brouwer’s
fixed point theorem ensures neither the uniqueness of the fixed
point nor the convergence of the iterates. While, the early proofs
of Brouwer’s theorem rely on algebraic-topological ideas based
upon analytical arguments. A brief survey of the development
of Brouwer’s fixed point theorem has been presented in the pa-
per [61].

Most of the mathematics is focussed on the solutions of the
various equations involving numbers. For example, for given
numbers a and b with a # 0, the linear equation ax + b = 0 has
a unique solution. On the other hand, the quadratic equation
ax? + bx + ¢ = 0 may not have real solutions for real numbers
a,b and ¢ with a # 0. However, it will always have a pair of
solutions in the system of complex numbers.

More generally, one can consider an equation of the form
S(z) = 0 where S is a real valued function of a real variable.
For T : R — R defined by T'(x) = S(z) + z, obviously, a solu-
tion of S(x) = 0 is a solution of T'(z) = x and conversely. An
element xy for which T'(z¢) = z; is called a fixed point of T
Thus, the problem of solving the equation S(z) = 0 is equivalent
to finding the fixed point of the associated function 7'. In order
to find zeros of a function S, one should seek the fixed point
of related function such as 7. The procedure of setting zeros is
known as iteration method or the fixed point method of solving
equation. The study of existence of fixed point falls within the
topology and algebraic topology. A topological space is said to
posses the fixed point property if every continuous mapping of
the space into itself has a fixed point. Of course, if a topological
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space has the fixed point property, any other topological space
homeomorphic to the first will also possess the fixed point prop-

erty.

We will recall the following definitions.

Definition 1.1.1. Let X be a non empty set and d be a real
function from X x X into R™ such that for all x,y,z € X, we

have

1. d(z,y) >0
2. d(z,y) =0 <= =y
3. d(x,y) = d(y, v)

(z,2)

then, d is called a metric or distance function and the pair
(X, d) is called a metric space. It is a topological space which
provides the general setting in which we study the convergence
of a sequence and continuity of a function.

Definition 1.1.2. A sequence {x,} in a metric space (X,d) is
called a Cauchy sequence if for given € > (0, there corresponds

ng € N such that for all m,n > ny , we have d(x,,, x,) < €.

Definition 1.1.3. A sequence {x,} in metric space is said to
be convergent to a point z € X if for given € > 0, there exists a

positive number ng € N such that d(x,,2) < € for all n > ny.
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In this case, z is called limit of {x,} and we write x,, — z.

Definition 1.1.4. A metric space (X, d) is called complete if

every Cauchy sequence in it 1s convergent to a point in X.

Definition 1.1.5. A metric space X s said to be compact if

every sequence in it has a convergent subsequence.

Definition 1.1.6. Let X and Y be metric spaces with metrices
di and dy respectively, then a function T : X — Y 1is said to be
continuous at xg € X if for every € > 0 there exist some 6 > 0
such that do(Tx,Txg) < € for all x € X satisfying d(x,zq) < 0.
Also, this happens if and only if

Tx, — Tx whenever x,, — x in X.

Definition 1.1.7. Let d be a metric on X. Forx € X andr > 0,
the set Uy(x,r) ={ y € X : d(x,y) < r} is called the open ball

about x of radius .

Definition 1.1.8. Let E C X. An element x € X 1is called a
limit point (or an accumulation point) of E if for every r > 0

there is some y in Uy(r,z) N E with y # x.

Definition 1.1.9. A subset F' of metric space X is called a

closed set if it contains each of its limit points.

Definition 1.1.10. Two self mappings S and T on a metric

space X are said to be commuting if,

STx =TSx Ve e X.

Two self mappings S and 7" on a metric space are said to be
commuting at a point z in X if STz =TSx.
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Also, S and T are said to be non commuting if there is no such
point z in X where S and T commute.

Definition 1.1.11. Two self mappings S and T on a metric

space X are said to be weakly commuting if,
d(STz, TSz) < d(Sz,Tx) VreX

The mapppings S and 7" are said to be weakly commuting at
a point z in X if, d(STz,TSz) < d(Sz,T=z).

The notion of weakly commuting mappings was introduced
by S. Sessa [147] in 1982. He introduced the common fixed
points of non commuting generalized contraction mappings.

Definition 1.1.12. Two self mappings S and T on a metric
space (X,d) are called compatible if, lim,, o, d(STx,, T Sz,) =

0, whenever {x,} is a sequence in X such that

lim Sz, = lim Tz, =t for some téeX.
n—oo n—oo

Two self mappings S and T" on a metric space X are called
non compatible if they are not compatible. Clearly, S and T
will be non compatible if there corresponds at least a sequence
{z,,} such that

lim d(STz,,TSxz,)

n—0o0
is either non zero or non existent. G. Jungck [75] generalized the
notion of weak commutativity mappings and also weakly com-
muting mappings due to Sessa [147] by introducing the concept
of compatible maps in 1986, which is also called the asymptot-
ically continuous by Tiwari and Singh [160] in an independent
work. It may be observed that the compatible mappings com-
mute at their coincidence points. Also, from above definitions,

6



it is clear that commuting mappings and weakly commuting
mappings are compatible, but the converses are not necessarily
true.

Definition 1.1.13. Let S and T be mappings from a metric
space (X, d) into itself. Then, S and T are said to be weakly
compatible if they commute at their coincident point; that is,

Sx =Tz for some x € X implies STx =TSx.

Definition 1.1.14. A mapping S of a metric space X into itself
is called non-expansive if d(Sz,Sy) < d(x,y) for all x,y € X
and x # vy

Definition 1.1.15. Let S and T be self mappings on a set X,
then a point z in X is called a common fixed point of S and T if

Sz =z = Tz Also the point z is called a coincidence point of S
and T provided Sz = Tz.

Example 1.1.16. Let (X, d) be a metric space with
X =0, 1] and d(z,y) = |x — y|.
Let S,T: X — X be defined by Sx = 5 and Tx = £.
Then, 0 is the common fixed point as well as coincidence point

of the mappings S and T.

Definition 1.1.17. Let (X, d) be a metric space.
Let T : X — X and let p € N, then T s said to generalized

p-contractive if
d(T?z, T?y) < diam{zx,y, TPz, TPy} Vr,y € X,z #y.

Definition 1.1.18. A contraction T is called power contraction

if T* is a contraction mapping for some integer k > 1.

7



1.2 Historical Developments of Some Fixed

Point Theorems in Metric Space

Historically, the most important result in the fixed point the-
orem is due to L. E. J. Brouwer which asserts that every self
continuous mapping of a closed unit ball in R”, the n - dimen-
sional Euclidean Space, possess a fixed point. A particular case
of Brouwer’s theorem can be stated as follows:

Theorem 1.2.1. The closed unit interval [0, 1] on the real line
posses a fized point property, i.e each continuous mapping of
0, 1] into itself has a fized point.

The application of topological theorems to analysis, involves
infinite dimensional space of functions or sequences. The usual
procedure is to extend a theorem from finite dimensional space

to an infinite dimensional space. The infinite dimensional ana-
logue of Brouwer’s result was given by J. Schauder [145] in 1930.

Theorem 1.2.2. Any compact convexr monempty subset of a
normed linear space has the fixed point property for continuous
mapping.

Brouwer’s and Schauder’s fixed point theorems are funda-
mental theorems in the area of fixed point theory and its ap-
plications. Schauder’s theorem is of great importance in the
numerical treatment of equations in analysis. In 1935, A. N.
Tychnoff extended Brouwer’s result to a compact convex subset
of a locally convex linear topological space.

Theorem 1.2.3. Any compact convex nonempty subset of a lo-
cally convex Hausdorff real topological vector space has the fixed

point property for continuous mapping.
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Perhaps the most frequently cited and most widely applied
fixed point theorem is due to S. Banach which appeared in his
Ph.D. thesis(1920, published in 1922)

Theorem 1.2.4. Let (X, d) be complete metric space and

T : X — X be a mapping such that d(Tx,Ty) < kd(z,y) for
some 0 < k <1 and all x,y € X. Then, T has a unique fized
point in X. Moreover, for any xo € X, the sequence of iterates

xg, Tz, T(Txg),... converges to the fized point of T.

when d(Tx, Ty) < kd(x,y) for some 0 < k < 1 and for all
x,y € X, then T is called a contraction. A contraction shrinks
distances by a uniform factor & less then 1 for all pairs of points.
The above theorem is called the contraction mapping theorem
or Banach’s fixed point theorem. An elementary account of the
contraction mapping theorem and some applications, including
its role in solving non linear ordinary differential equations, is
in [21].

Banach contraction principle is simple in nature and its proof
does not involve much of topological machinery. The proof is
constructive, that is, the existence of the fixed point is estab-
lished by constructing the point as the limit of the sequence of
the iterates tending to the fixed point. The construction of the
sequence {z,} and the study of its convergence are known as
the method of successive approximation.

The following is the example of Banach Contraction Princi-
ple.

Example 1.2.5. The cosine function defined as T'(x) = cosx

9



s a contraction function and has a fized point.

Let (X,d) be a metric space with d as usual metric. Let
X =10,1] and define a function T : X — X by T'(x) = cosz.
The graph of cosx and y = x intersect once over [0,1], which
shows that cosine function has a fized point in [0, 1].

Since, cosl = 0.54, cos[0,1] C [0, 1].

For any differentiable function T', by mean value theorem,
T(x)—T(y) =T'(t)(x —y)forsome t € (x,y).

Now, cosx — cosy = —Sin(t).(x —y) for some t.

= |cosx — cosy| = |—sint||z — y|.

Since, sine function increases on [0, 1],s0 |sint| < sinl ~ 0.84147.
So, |cosx — cosy| < 0.8415|z — y|.

Therefore, cosine is a contraction mapping on [0,1]. To get fized
point by iteration, we press cosine bottom repeatedly on a calcu-
lator taking any seed value in [0, 1], and we get p =~ 0.739, as a

fixed point.

Banach contraction mapping theorem has long been used as
one of the most important tools in the study of nonlinear prob-
lems. It provides an impressive illustration of the unifying power
of functional analysis in an analytic method and of the useful-
ness of fixed point theorems in analysis. Therefore, numerous
generalizations of this theorem have been obtained during the
past four decades by weakening its hypothesis while retaining
the convergence property of successive iterates to the unique
fixed point of the mapping. The importance of these general-
izations are notions of non expansive and contractive mappings.

10



Another important direction of generalization of this principle
concerns the common fixed point of pair of mappings or sequence
of mappings satisfying contractive type conditions.

One of the most interesting generalizations of the Banach
Contraction Principle consists of replacing the Lipschitz con-
stant k by some real valued function whose values are less than
unity.

One of the first extension of Banach’s contraction principle to
become widely known is the following theorem due to E. Rakoth
[132] in 1962.

Theorem 1.2.6. Let (X, d) be a complete metric space and
suppose T : X — X satisfies

d(Tz, Ty) < a(d(x,y)).d(z,y) Va,y € X

where a : [0,00) — [0, 00) is monotonically decreasing. Then, T

has a unique fized point z, and for all xy € X we have,

T'xg — 2z as n — 0.

Rakoth’s theorem is related to the following theorem by
M. Edelstein [35] in 1962

Theorem 1.2.7. Let (X, d) be a non empty compact metric
space and suppose T : X — X satisfies

d(Tz,Ty) < d(z,y) Vr,ye X

Then T has a unique fixed point z, and for all xy € X we have

T'xy — 2z as n — oo.

D. F. Baily [9] in 1966, extended the result of Edelstein to
compact metric space in the following theorem.

11



Theorem 1.2.8. Let (X, d) be a compact metric space and
T: X — X be continuous. If there exists n = n(x,y) with

d(T"z,T"y) < d(z,y)
for x # vy, then T has a unique fized point.

A subsequent generalization of Rakotch’s result was obtained
by D. W. Boyd and J. S. Wong [13] in 1969.

Theorem 1.2.9. Let (X, d) be a non empty complete metric
space and suppose T : X — X satisfies

d(Tz, Ty) < ¢(d(x,y)) Vr,ye X

where ¢ : [0,00) — [0,00) is uppersemicontinuous from the
right, and satisfies 0 < ¢(t) < t fort > 0. Then T has a
unique fixed point z and for all xy € X we have T"xy — 2z as

n — oQ.

A quantitative variant of the Boyd - Wong [13] theorem was
proved by F. E. Browder [19].

Theorem 1.2.10. Let (X, d) be a non empty, bounded, complete
metric space and suppose T’ : X — X satisfies

d(Tz,Ty) < ¢(d(z,y)) Va,y € X,

where ¢ : [0,00) — [0,00) is monotone nondecreasing and con-
tinuous from the right, such that ¢(t) < t for t > 0. Then
there exists a unique z € X such that for all vy € X we have

T"(xg) = z as n — co. Moreover, if dy is diameter of X, then,
d(T"zg,2) < ¢"dy, and ¢"dy — 0 as n — oo.

12



In 1969, A. Meir and E. Keeler [97] generalized the Boyd-
Wong Theorem.

Theorem 1.2.11. Let (X, d) be a non empty, complete metric
space and suppose T: X — X satisfies the condition,
given € > 0 there exists () > 0 such that for all x,y € X with

T # Y,
e<d(z,y) <e+0=d(Tz,Ty) < e. (1.1)

Then, T has a unique fized point z, and for all xqg € X, we have

T"xy — 2z as n — oo.

A mapping T: X — X on a metric space (X, d) which satisfies
the condition (1.1) is called a Meir - Keeler contraction. In
order to compare the Boyd - Wong condition with Meir- Keeler
condition, the latter has been characterized by T. C. Lim [90]
in the following theorem.

Theorem 1.2.12. Let (X, d) be a non empty metric space, and
let T: X — X be a mapping. Then, T is a Meir-Keeler con-
traction if and only if there exists a (nondecreasing and right
continuous) function ¢ : [0,00) — [0,00) with ¢(0) = 0 and
@(s) >0 for s >0, such that

d(Tz, Ty) < ¢(d(z,y)), =#y, VryekX
and such that for every s > 0 there exists a 0 > 0 such that
o(t) < s forallt € s, s+ 9]

The theorems due to Boyd and Wong [13] and Meir -Keeler
[97] are the results of considerable significance and each of these
theorems has been extended and generalized by various authors.
Some significant generalizations of Boyd and Wong theorem are
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due to Park and Rhoades[126], Singh and Kasahara[151],
Hussain and Seghal [52], Singh and Meade [153], Jachymski
[55], Pant[116] , Pant and Pant [112], Pant et.al.[108]. Similarly
some of the well known generalations of Meir-Keeler theorem are
those due to Park and Bae [125], Park and Rhoades [126], Rao
and Rao [135], Jungck [75], Pant [[109],[114],[116],[117],[119]],
Jungck et.al. [74], Pant et.al.[[101],[105],[108]]

The fixed point theory for non expansive mappings has been
one of the main research areas of non linear functional analysis
since 1950s. Some well known results in the theory of nonex-
pansive mappings are probably the theorems established inde-
pendently by Browder [18], Gohde [46] and Kirk [82].

In 1968, R. Kannan [78] established the following fixed point
theorem.

Theorem 1.2.13. Let (X, d) be a non empty complete metric
space. Let T : X — X be a mapping such that there exists an
a € [0,3) for which

d(Tz,Ty) < ald(z, Tz) +d(y, Ty)  Ve,yeX

then there exists a unique fized point to which all Picard iteration

SEQUENICES ConvETgE.

In 1973, G. E. Hardy and T. D. Roggers [47] obtained the
following fixed point theorem under the generalized contractive

condition.

Theorem 1.2.14. Let T be a self mapping on a complete metric
space X such that,

d(Tz, Ty) < ald(x, Tx)+d(y, Ty)|+bld(z, Ty)+d(y, Tx)]|+cd(z,y)
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for all x, y in X where 0 < 2a+2b+c < 1. Then T has a unique
fixed point.

In 1975, B. K. Dass and S. Gupta[32] generalized Banach
Contraction Mapping Theorem through rational expressions.

Theorem 1.2.15. Let T be a mapping of a metric space X into
itself such that,

d(y,Ty)|[14+d(x,Tx
1. d(Tz, Ty) < o iyjr[dz;’;) b+ B d(z,y)

forallz,ye X, a>0, >0,a+5<1

2. for some xye X, the sequence of iterates {1" (1)} has a
subsequence {T™(x,)} with & = lim, o T™(x,) then &

s a unique fixed point of T.

In 1977, D. S. Jaggi [57] established the following fixed point
theorem using rational type contractive condition in complete
metric space which generalizes the Banach Contraction Mapping
Theorem..

Theorem 1.2.16. Let T be a continuous self map defined on a
complete metric space (X, d). Further let T satisfies the follow-

ing contractive conditions

d(xz,Tx).d(y, Ty)
d(z,y)

for all x,y € X,x # y for some o, 5 € [0,1) with a + § < 1,

then T has a unique fixed point.

d(Tz,Ty) < a + Bd(z, y) (1.2)

In 1977, B.E. Rhoades [140] proved the following fixed point
theorem based on generalized p-contraction.
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Theorem 1.2.17. Let (X, d) be a non empty compact metric
space, and p € N. Let T : X — X be continuous and generalized
p-contractive. Then, T has a unique fized point z, and for every

ro € X we have, lim,, oo T"xy = 2.

In 1980, S. P. Singh [152] established the following improved

version of the Kannan’s theorem.

Theorem 1.2.18. Let T be a continuous mapping of a metric

space X into itself such that
1
d(Tz, Ty) < ld(z, Tz) + d(y, Ty)]

for all x,y € X, x # y, If for some x € X, the sequence of
iterates{T"xz} has a subsequence converging to z, then {T"x}

converges to z and z 1s the unique fized point of T.

In 1988, B. E. Rhoades [138] compared some contraction con-
ditions and also considered generalizations of their conditions to
the cases where the condition holds for various iterates of the
functions. The comparison was shown by P. Collaco and J. Car-
valho in [30] in 1997.

Now, we present some common fixed point theorems in met-
ric space.

In 1976, G. Jungck [76] obtained a well known generalization
of Banach contraction principle to obtain common fixed points
of commuting mappings. Jungck introduced the following con-
tractive condition so called Jungck Contraction
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0 <k<1forall z,y € X for a pair of self maps S and T in a
complete metric space X and established the following theorem.

Theorem 1.2.19. Let S, T : X — X be a pair of commuting

continuous self maps satisfying the condition,
d(Sz,Sy) < kd(Tx,Ty), 0<k<1.

then S and T have a unique common fixed point whenever
S(X) CcT(X).

In 1983, B. Fisher [40] established a common fixed point the-
orem for four self mappings A, B, S and T
in a metric space (X, d) satisfying

A(X) € T(X), B(X) C S(X)
and the condition,
d(Ax, By) < kmaz{d(Sx,Ty),d(Az, Sx),d(By,Ty)},0 < k < 1.

then A B,S and T have a common fixed point. In 1984, B.E.
Rhoades extended a theorem of Park and Rhoades [126] involv-
ing a pair of mapping satisfying a Meir-Keeler type contractive
condition for three mappings.

Theorem 1.2.20. Let f be a continuous self-map of a complete
metric space (X, d), g,h € C} the class of continuous and sat-
isfying the following condition,

For each € > 0 there exists a 6 > 0 such that

e < max(d(gz,hy),d(fz,gz),d(fy, hy),

[d(fx, hy) + d(fy, gz)]
2

) <e+d
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implies d(fx, fy) < e. Then, either there exists a point of co-
incidence of f and g or f and h, or f, g and h have a unique

common fixed point.

In 1984, A. Ganguli and in 1985, [.LH.M. Rao and K.P.R.Rao
[135] extended Meir - Keeler type definitions for three mappings.

In 1986, G. Jungck [75] obtained the following fixed point the-

orem for four continuous mappings on a compact metric space.

Theorem 1.2.21. Let A, B, S and T be continuous self map-
pings of a compact metric space (X, d) with

AX)CT(X) and B(X)C S(X).

If A, B, S and T be compatible pairs and

d(Az, By) < maz(m(z,y))
where,

m(x,y) = {d(Sz,Ty),d(Ax,Sx),d(By,Ty),
%[d(By, Sz) + d(Az, Ty)]}

Then, A, B, S and T have a unique common fized point.

In 1986, R.P. Pant [119] simultaneously and independently es-
tablished following common fixed point theorem satisfying Meir
- Keeler type contractive condition with d to be non decreasing.

Theorem 1.2.22. Let A, B, S and T be commuting self mapping
of a complete metric space (X, d) satisfying
A(X)CT(X) and B(X)C S(X) and the condition

given € > 0, there exists a 6(e) > 0, d(¢) being non decreasing
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such that

e < max(d(Sz,Ty),d(Ax,Sz),d(By,Ty)) < €+ 0
= d(Ax,By) <€

If one of the mappings A, B, S and T is continuous, then A, B,

S and T have a unique common fixed point.

Also, J. Jachymski [54], K. Jha and V. pant [65], V. Popa
[131], K.Jha [68], K. Jha, R. P. Pant and S. L. Singh [69], K.
Jha, R. P. Pant and G.Porru [70], K. Jha [72] have established
some common fixed point theorems for four mappings satisfy-
ing Meir-Keeler type contractive condition. Also, the common
fixed points for four mappings satisfying contractive condition

were extended for sequences of mappings by Jungck et.al [74],
J. Jachymski [54], R. P. Pant [116].

In 2007, K. Jha [72] established the following fixed point the-
orem for sequence of mappings involving two pairs of weakly
compatible mappings under a Lipschitz type contractive condi-
tion.

Let {4;}, i =1,2,3,...., S and T be self mappings of a
metric space (X, d). In the sequel, let us denote

Mli(xa y) - mazz:{(Sx, Ty)a d(A1x7 Sl’), d(AZy7 Ty)a

1
5ld(Sz, Agy) + d(Az, Ty)l}
Theorem 1.2.23. Let {A;}, i=1,2,3,..., Sand T be

self mappings of a metric space (X, d) such that,

1. A1 X CTX,AZX CSX fOT‘i > 1
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2. Gwen € > 0, there exists a 0 > 0 such that for all z, y in
X, e < Mys(x,y) < e+ = d(Ax, Ayy) < e,

<
+ d(Sz, Aiy) + d(Aiw, Ty)]

If one of A; X, SX, or TX is a complete subspace of X and
if the pairs (Ay,S) and (Ag,T), for some k > 1, are weakly
compatible, then all the A;, S and T have a unique common

fixed point.

As fixed point theorems are statements containing sufficient
conditions that ensure existence of a fixed point, so one of the
central concerns in fixed point theory is to find a minimal set
of sufficient conditions which ensures the existence of a common
fixed point. Also common fixed point for generalized contrac-
tions necessarily require a commutativity condition, a condition
on the range of mappings, a contractive condition, and conti-
nuity of one or more mappings or in general, a Lipschitz type
contractive condition. In view of these essential requirements, in
the present investigation, we address the following central ques-

tion concerning common fixed point theorems.

Given a pair of self mappings on a metric space (X, d) satisfy-
ing a contractive condition, what minimal assumption on com-
mutativity, continuity and contractive condition guarantee the
existence of a common fixed point ? Following this course, re-
cently R. P. Pant [115] has established some common fixed point
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theorems under minimal type conditions. Also, the review work
on the fixed point results under Meir-Keeler contractive condi-
tion in metric space has been published in [64].

1.3 Some Applications of Fixed Point

Theorems

John Von in 1932, pointed out how fixed point theory could be
utilized to prove the existence of equilibrium in economic models
in a seminar on the topic On a system of economic equations and
a generalization of Brouwer’s fixed point theorem. This concept
has lead to win Nobel Prizes in economics for Kenneth Arrow
in 1972 and Gerard Debreu in 1983. Applications of fixed point
to Game theory also led to win a Nobel Prize in economics for
John Nash in 1994 [4].

The theory of fixed point is a very extensive field which has
wide applications. Fixed point theory has played a central role
in the problems of non-linear functional analysis and provided
a power tool in demonstrating the existence and uniqueness of
solutions to various mathematical models representing phenom-
ena arising in different fields such as in Engineering, Economics ,
Game Theory and Nash Equilibrium, Steady State Temperature
Distribution, Epidemics, Flow of Fluids, Chemical Reactions,
Neutron Transport Theory, Haar Measures, Abstract Elliptic
Problems, Invariant Subspace Problems, Approximation Prob-
lems, Logic Programming, Neural Networks.
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Banach’s fixed point theorem has applications in many branches
of mathematics such as analysis, differential functions, ODE and
integral equations, Image compression, Google’s pagerank algo-
rithem, Newton- Rapshon iteration, system of linear algebraic
equations, system of ordinary differential equations, Boundary
value problems, Uryshon-Voltera equations, Musielak-Orlicz space
settings,quasi-linear integrodifferential equations and Chomol-
ogy. The paper of K. Jha [58] deals with some applications of
Banach fixed point theorem.
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Chapter 2

Fixed Point Results of

Asymptotic Contractions

This chapter includes introduction, basic definitions and chrono-
logical developments of the fixed point theorems of asymptotic
contractions in metric space with further research scope.

2.1 Introduction

After the establishment of Contraction Principle by Stephen

Banach in 1922, R. Caccioppli in 1930, suggested the concept of
asymptotic contraction based on Banach Contraction Principle.
In 1962, E. Rakotch, probably, was the first for the extension of
weaker form of Banach Contraction Principle for the contraction
constant. In 1962, D. W. Boyd and J. S. W. Wong obtained a
more general condition. In 2003, W. A. Kirk introduced an
asymptotic version of Boyd - Wong Contraction. Since then,
many extensions of weaker forms of contraction conditions for
fixed points have been established by many authors. Asymptotic
fixed point theory deals with conditions describing a behavior
of iterates of a mapping. This chapter includes a survey work

23



on fixed points of asymptotic contraction in metric space. In
this chapter, the notations ¢" and ¢, are used to denote the n
times iteration of the function ¢ and the sequence of function
respectively.

The paper on this survey work has been accepted for publi-
cation in [122].

Now we start with the following definitions:

Definition 2.1.1. [159] A metric space (X, d) satisfies the con-
dition of TCS- convergence if and only if x € X and
d(T"z, T""'z) — 0 as n — oo implies that { T"x}nen has a

CO’I’L’UG’I“gG’I’Lt S’LLbSGQUGﬂC@.

Definition 2.1.2. [159] Let X be a set and T : X — X.For
x € X, the set Op(x) = { o, Tz, T?z, ...} is called the orbit of x.

Definition 2.1.3. [159] A function f : X — R is T-orbitally
lower semicontinuous at the point p if and only if for all se-

quences { x,}nen such that x, — p follows that
f(p) < limin froo f ().

Definition 2.1.4. [159] A mapping T : X — X is said to be
orbitally continuous if &, x € X are such that & is a cluster point
of Or then T(§) is a cluster point of T'(Or).

Definition 2.1.5. [84] Let (X, d) be a metric space. A mapping
T:X — X s said to be asymptotic contraction if,
d(T"z, T"y) < ¢p(d(x,y)) for all x,y € X where

O 1 [0,00) = [0,00) and ¢, — P €D (2.1)
uniformly on the range of d, where ® is the class of functions.
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Now, we give an example satisfying the above condition.

Example 2.1.6. Let M = {n"' U {0} : n € N} and d(M, d)
be a metric space with usual metric d. Define T : M — M by
T(0)=0and T(n) ™t = (n+1)"'. Fort€R, define
dn(t) =n"t VYneNand ¢(t) =0 Vt.

Clearly ¢(t) <t ¥t >0 and ¢, — ¢ uniformly on M.

Put zg = 1 then Or(1) = {171,271,371 ..} = {n~1} which is
bounded. Since, all the assumptions are satisfied and T*(z) — 0
as k — o0o. Hence, 0 s the fized point of T.

In 2004, Philipp Gerhardy [44] gave the following generalized
definition of asymptotic contraction.

Definition 2.1.7. [44] A function T : X — X on a metric space
(X, d)is called an asymptotic contraction if for each b > 0, there
exists a moduli n® : (0,b] — (0,1) and B8° : (0,b] x (0,00) — N
and the following hold :

1. there exists a sequence of functions ¢, : (0,00) — (0,00)
such that for all x,y € X, for all e > 0 and for alln € N
b>d(x,y) >e—d(IT"z,T"y) < ¢u(e).d(z,y)

2. for each 0 < 1 < b the function B? := B°(l,.) is a modulus
of uniformconvergence for ¢, on [I, b/, i.e.,
Ve >0 Vs e [l,b] Vm,n > B(e)(|om(s) — du(s)] < ),

and

3. defining ¢ := limy,_c®n, then for each ¢ > 0 we have that
n°(g) > 0 and ¢(s) +n’() < s for each s € [e,b].
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where there is no ambiguity, superscript b from the moduli
n?, ¥ are removed.

Definition 2.1.8. [90] A function ¢ from [0,00) into itself is
called an L-function if ¢(0) = 0, ¢(s) > 0 for s € (0,00), and
for every s € (0,00) there exists d > 0 such that ¢(t) < s for all
tels,s+9]

Definition 2.1.9. [157] Let (X, d) be a metric space. Then,
a mapping T on X s said to be an asymptotic contraction of
Meir-Keeler type (ACMK, for short) if there exists a sequence
{on} of functions from [0, 00) into itself satisfying the following:

1. limsup, ¢n(e) < e for all e > 0,

2. For each ¢ > 0, there exists 6 > 0 and v € N such that
¢y, <€ forallt € e,e+46], and

3. d(T"x, T"y) < ¢p(d(x,y)) for alln € N and x,y € X with
Definition 2.1.10. [158] Let (X, d) be a metric space. Then, a

mapping T on X 1is said to be an asymptotic contraction of final
type (ACF, for short) if the following hold:

1. limgs_yosup{lim,_oosupd(T"x, T"y : d(z,y)) < 6} =0

2. for each € > 0 there exists 0 > 0 such that for all x,y € X
with € < d(z,y) < € + 9, there exists v € N such that
d(T"z, T"y) < ¢,

3. for x, y € X, with x # y,there exits v € N such that
d(T"x, T"y) < d(x,y), and
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4. forx € X and € > 0, there exists 6 > 0 and v € N such
that
e < d(T'z,T'z) < e+ 6 implies d(T" o T'x, T" o TVx) < ¢
for alli,j € N.

Definition 2.1.11. [2/] Let V be the class of functions

Y [0,00) — [0, 00) with the properties

(i) ¥ is the Lebesque - integrable on each interval [0, a) with
a>0

(it) [, ¥(t) > 0 for each e > 0.

Let (X, d) be a metric space. Then, a mapping T on X is said
to be an asymptotic contraction of integral Mewr - Keeler type
(ACIMK, for sort) if there exists a sequence {¢,} of functions
from [0, 00) into itself satisfying the following

1. limsupy_0otn(e) < € for all e > 0,

2. for each € > 0 there exists a 6 > 0 and s € N such that
os(t) <e forallt € [e,e+ ], and

g [{T T gyt < du(fCY w(t)dt) for all n € N and
x,y € X with x # y where ¢ € V.

2.2 Fixed Point Theorems Under Asymptotic
Contractions
In 1962, E. Rakotch obtained the following fixed point theorem.

Theorem 2.2.1. [132] Let X be a complete metric space and
suppose T+ X — X satisfies d(T'(z), T(y)) < a(d(z,y))d(x,y)
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for each x,y € X where a : [0,00) — [0, 1) is monotonically de-
creasing then T has a unique fized point x, and {T"x} converges
to x, for each v € X.

In 1969, Boyd and Wong established a more general result on
contraction mapping theorem in metric space which states that

Theorem 2.2.2. [13] Let (X, d) be a complete metric space. Let
T :X — X be a function satisfying d(Tx,Ty) < ¢(d(x,y)) for
each x,y € X where ¢ : [0,00) — [0,00) such that ¢(t) <t for
all t > 0 and ¢ s upper semicontinuous from the right, then T
has a unique fized point x. for each x € X and {T"x} converges
to x, for each x € X.

In this theorem it is assumed that ¢ : [0,00) — [0, 00) is up-
per semicontinuous from the right

(ier; L r>0= limsup,—eed(rj) < o(r)).

In 1986, M. R. Taskovic established the following results in
topological space.

Theorem 2.2.3. [159] Let T be a mapping of topological space
X:= (X, d) into itself, where X satisfies the condition of TCS-
convergence. Suppose that there exists a sequence of nonnega-
tive real functions { a,(x,y)tnen such that a,(x,y) — 0 and a

positive integer m(x,y) such that
d(T"z, T"y) < ap(x,y) forall n >m(z,y) (2.2)

and for all z,y € X whered: X x X = RY. If v~ d(z,Tx) is
a T-orbitally continuous and d(a,b) = 0 implies a = b, then T
has a unique fized point £ € X and T"x — & for each v € X.
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As a localization of condition (2.2) of Theorem (2.2.3), we
have the following theorem.

Theorem 2.2.4. [159] Let T be a mapping of topological space
X:= (X, d) into itself, where X satisfies the condition of TCS-
convergence. Suppose that there exists a sequence of nonnegative
real functions { a,(x,y)}nen such that a,(x, Tz) — 0 and a

positive integer m(x) such that
d(T"z, T""'y) < ap(z, Tx)  forall n > m(z)

and for every x € X where d : X x X — RY. Ifx — d(z,Tx) is
a T-orbitally lower semicontinuous or T is orbitally continuous

and d(a,b) = 0 implies a = b, then T has at least one fized point
i X.

In 2003, W.A. Kirk obtained a result which is asymptotic
version of the Boyd and Wong.The concept of asymptotic con-
tractions is suggested by one of the earliest version of Banach’s
contraction principle attributed to Cacciopoli [22] whose result
asserts that if X is a complete metric space then the Picard it-
erates of a mapping T : X — X converges to the unique fixed
point of T provided for each n > 1 there exits a constant ¢, such
that,

00

d(T"z, T"y) < cpd(z,y) =,y € X with ch < oo (2.3)
n=1

Theorem 2.2.5. [8/] Let (X, d)is a complete metric space and

suppose T : X — X 1is an asymptotic contraction for which the

mappings ¢, in (2.1) are continuous. Assume also that some

orbit of T is bounded. Then T has a unique fized point z € X
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and moreover the Picard sequence {T"x}:° | converges to z for
some x € X.

In 2004, Jacek Jachymski and Izabela Jozwik [56] extended
and gave a constructive proof of Kirk obtaining a complete
characterization of asymptotic contraction on a compact metric
space. As a by-product, they have established a separation the-
orem for upper semicontinuous functions satisfying some limit

conditions with suitable example.

Theorem 2.2.6. [56] Asume that (X, d) is complete metric
space and T 1s a continuous selfmap of X. Then, the following

statements are equivalent:

1. T 1s an asymptotic contraction;
2. the core Y := NuenT™(X) is a sigleton;

3. T is an asymptotic ¢y contraction, where ¢o(t) := 0 for all
teR,, and

4. T is a Banach contraction under some metric equivalent to
d.

In 2004, Y-Z Chen proved the theorem of Kirk under weaker
assumptions without the use of ultrafilter methods. Kirk’s paper
assumes the continuity for ¢ and all ¢,,, but Chen assumes the
upper semicontinuity of ¢ and one of the ¢,’s which is weaker
condition.

Theorem 2.2.7. [26] Suppose that (X, d) is a complete metric
space and suppose T : X — X such that,

d(T"z, T"y) < ¢u(d(z,y)) for all z,y€X,

where ¢, :[0,00) = [0, 00)
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and ¢, — ¢ uniformly on any bounded interval [0, b]. Suppose
that ¢ is an upper semicontinuous and ¢(t) <t fort > 0. Fur-
thermore, suppose there exists a positive integer n, such that ¢,,

is upper semicontinuous and ¢, (0) = 0. If there exists xg € X
which has a bounded orbit Or(xy) = {xg, Two, T?x0, ...} then T
has a unique fized point x, € X such that

limy,—soI"x =2, Vo e X.

In 2004, Philipp Gerhardy [44] using techniques from proof
mining [proof mining [15] refers to the logical analysis of given
mathematical proofs with the help of the tools and insights from
the part of mathematical logic known as proof theory, with the
aim of obtaining relevant information hidden in the proofs.], de-
veloped a variant of the notion of asymptotic contraction and es-
tablished a quantitative version of the corresponding fixed point
theorem. Using techniques from proof mining as developed in
[85],86]], he first derived a suitable generalization of the no-
tion of asymptotic contractivity and subsequently established
an elementary proof of Kirk’s fixed point theorem, providing
an explicit rate of convergence (to the unique fixed point) for
sequences {T"x}.

In 2006, T. Suzuki [157] introduced the notion of asymp-
totic contraction of Meir-Keeler type and established a fixed
point theorem for such contractions which is generalization of
fixed point theorems of Meir-Keleer [97] and Kirk [84]. Suzuki
has used the characterization of Meir- Keeler contraction (1.1)
proved by Lim [90].

Theorem 2.2.8. [157] Let (X, d) be a complete metric space.
Let T be an asymptotic contraction of Meir-Keeler (ACMK,
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for short) on X. Assume that T* is continuous for some k €
N. Then, there exists a unique fixed-point z € X. Moreover,

lim,T"x = z for allx € X

In 2007, T. Suzuki introduced a more generalized notion of
asymptotic contraction of final type (ACF for short) and estab-
lished fixed point theorems for such contractions.

Theorem 2.2.9. [158] Let T be an ACMK on a metric space
(X, d) Then T is an ACF.

Theorem 2.2.10. [158] Let (X, d) be a complete metric space
and let T be an ACFE on X. Assume that the following holds
if u € X and lim,T"u = v, then 3 ¢ € N such that T'v = v.
Then there exists a unique fized point z € X of T. Moreover,
lim,T"x = z holds for every x € X.

Theorem 2.2.11. [158] Let (X, d) be a complete metric space
and let T be an ACF on X. Assume that T® is continuous for
some £ € N. Then, there exists a unique fixed point z € X of T.

Moreover, lim, T"x = z holds for every x € X.

In 2007, Marina Arav, Fransisco Eduardo Castillo Santos,
Simeon Reich, and Alexander J. Zaslavski provided sufficient
condition for the iterates of an asymptotic contraction on a com-
plete metric space X to converge to its unique fixed point uni-
formly on each bounded subset of X. They improved the theorem
of Chen [26] and have established a more general result.

Theorem 2.2.12. [§] Let X be a metric space. Let x, € X
be a fized point of T : X — X. Assume that d(T"x,x,) <
on(d(z,x,)) Vo€ X and all natural numbers n,
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where ¢, : [0,00) — [0,00) and ¢, — ¢ uniformly on any
bounded interval [0, b]. Suppose that ¢ is an upper semicon-
tinuous and ¢(t) <t fort > 0, then lim, .. T"x = x, uniformly
on each bounded subset of X.

Theorem 2.2.13. [§] let X be a metric space. LetT : X — X
such that

d(T"z, T"y) < ¢n(d(z,y))
for all x,y € X and all the natural numbers n, where
¢n 1 [0,00) = [0,00) and lim, o ¢, = ¢, uniformly on any
bounded interval [0, b]. Suppose that ¢ is upper semicontinuous
and that ¢(t) <t for allt > 0. Furthermore, suppose that there
exists a positive integer n, such that ¢, is upper semicontinuous
and ¢, (0) = 0. If there exists xg € X which has a bounded
orbit Or(xg) = {xo, T2, T?x,...}, then T has a unique fized
point x, € X and we have lim,,_,, T"x = x, uniformly on each
bounded subset of X

In 2007, Ivan D. Arandelovic established a fixed point the-
orem of Kirk’s type unifying and generalizing the results of
[[26],[56], [84]].

Theorem 2.2.14. [7] Let (X,d) be a complete metric space,
T : X — X continuous function and (¢;) sequence of functions
such that ¢; : [0,00) — [0,00) and for each x,y € X

d(T' (), T"(y) < di(d(z,y))-

Assume also that there exists upper semicontinuous function

¢ :[0,00) = [0,00) such that for any r > 0

o(r) <r,(0) =0 and ¢; — Y uniformly on any bounded inter-
val [0, b]. If one of the following conditions is satisfying:
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1. there exists x € X such that the orbit of T at x is bounded;

or

2. lim;_,..(t — ¢(t)) >0, or;

then T has a unique fized point y € X and all sequences of
Picard iterates defined by T converges to y, uniformly on each
bounded subset of X.

In 2007, the results established by E. M. Briseid [16] build on
the analysis of Kirk’s fixed point theorem for asymptotic con-
tractions given by Gerhardy [44]. He had proved fixed point
theorems on asymptotic contractions which give an explicit rate
of convergence to the fixed point for a sequence. The rate of
convergence depends on the space, the mapping and the start-
ing point through a bound on the iteration sequence and some
moduli for the mapping appearing as parameters.

In 2007, K.P.R. Sastry, G.V.R. Babu, S. Ismail and M. Bal-
aiah [144] established a fixed point theorem with hypothesis
slightly different from that of Chen [[26], theorem 2.2].

In 2011, Behazad Djafari Rauhani and Jennifer Love [136]
introduced the weaker condition liminf, ..d(z,T"x) = 0 for
some x in X, and proved that this condition implies the existence
of a fixed point and the convergence of the Picard iterates to this

fixed point.

Theorem 2.2.15. [136] Let (X, d) be a complete metric space.
Let T : X — X such that d(T"z,T"y) < ¢n(d(x,y)) for all
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x,y € X where ¢, : [0,00) — [0,00) and ¢, — ¢ uniformly
on any bounded interval [0, b]. Suppose that ¢ is upper semi-
continuous and ¢(t) < t for t > 0 and assume that there is a

positive integer n* such that ¢, is upper semicontinuous and
¢Gn-(0) = 0. If liminf, ood(z,T"z) = 0, then T has a unique
fixed point x € X ,and lim, .. T"y = x for ally € X.

In 2012, E. Canzoneri and P. Vetro introduced the notion of
asymptotic contraction of integral Meir-Keeler type on a metric
space and proved a theorem which ensures existence and unique-
ness of fixed points for such contractions.

Theorem 2.2.16. [2// Let (X, d) be a complete metric space
and T be an ACIMK on X. Assume that T is continuous for
some m € N. Then there exists a unique fixed point z € X.

Moreover, lim, 1" x = z for all x € X.

Remarks: On the basis of the above results, we observe
that weaker forms of contractive conditions for the existence and
uniqueness of fixed point are rapidly being developed. The con-
dition of mappings to be continuous is necessary for the existence
of fixed point but for the convergence to such a fixed point, it is
not necessary. The rate of convergence depends upon the space,
mapping and the starting point through a bound on iteration
sequence. The notion of asymptotic contraction has been devel-
oped towards Boyd- Wong type and Meir -Keeler type conditions
with applications to rate of convergence. Finally, the notion of
Asymptotic Contraction and its development have become a
necessary tool for the existence of fixed point and it extends
several existing results in the literature.
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Chapter 3

Fixed Point Results in
Dislocated Metric Space

In this chapter, we present the introduction of dislocated metric
space and the fixed point theorems which has been established
in this space with examples.

3.1 Introduction

In 1922, S. Banach proved a fixed point theorem for contrac-
tion mapping in metric space. Since then a number of fixed
point theorems have been proved by different authors and many
generalizations of this notion have been established. In 1986,
S. G. Matthews [96] in his Ph.D. thesis introduced the notion
of dislocated metric in the context of metric domains, in which
self distance of a point need not be equal to zero. In 2000, P.
Hitzler and A. K. Seda generalized the notion of topology by
relaxing the requirement that neighborhoods of a point includes
the point itself and by allowing neighborhoods of points to be
empty which evolved out of applications in the area of logic
programming semantics. Corresponding generalized notion of
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metric is obtained by allowing points to have nonzero distance
to themselves. The study of common fixed points of mappings in
dislocated metric space satisfying certain contractive conditions
has been the center of vigorous research activities. Dislocated
metric space plays very important role in topology, logic pro-

gramming and electronics engineering.

C. T. Aage and J. N. Salunke [1], A. Isufati [53], K. P. R.
Rao and P. Rangaswamy [134] established some fixed point the-
orems for single and pair of mappings in dislocated metric space.

Now, we start with the following definitions, lemmas and
theorems.

3.2 Basic Definitions

Definition 3.2.1. [/9] Let X be a non empty set and let
d: X x X —[0,00) be a function satisfying the following

conditions:
1. d(z,y) = d(y,z)
2. d(z,y)=d(y,x) = 0 implies x = y.
3. d(z, y) < d(z, z) + d(z, y) for all z, y, z € X.

Then d is called dislocated metric(or simply d-metric) on
X.

Definition 3.2.2. [/9] A sequence {x,} in a dislocated metric
space (X, d) is called a Cauchy sequence if for given € > 0, there
corresponds ng € N such that for all m,n > ng, we have

d(xp, x,) < €.
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Definition 3.2.3. [/9] A sequence in dislocated metric space
converges with respect to d (or in d) if there exists x € X such

that d(x,,x) — 0 as n — oo.

In this case, z is called limit of {z,} (in d)and we write
T, — T.

Definition 3.2.4. [49] A dislocated metric space (X, d) is called
complete if every Cauchy sequence in it is convergent with respect
to d.

Definition 3.2.5. [49] Let (X, d) be a dislocated metric space.
A mapping T : X — X 1is called contraction if there exists a
number A with 0 < A < 1 such that d(Tz,Ty) < X d(z,y).

We state the following lemmas without proofs.

Lemma 3.2.6. Let (X,d) be a dislocated metric space. If
T : X — X is a contraction function, then {T"(x)} is a Cauchy

sequence for each xy € X.

Lemma 3.2.7. [49] Limits in a dislocated metric space are

UnIqUe.

3.3 Fixed Point Theorems in Dislocated
Metric Space

Theorem 3.3.1. [49] Let (X, d) be a complete dislocated metric
space. Let T : X — X be a continuous mapping satisfying

d(Tz, Ty) < Md(z,y), 0< A<
Then, T has a unique fized point.
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In 2008, C. T. Aage and J. N. Salunke established following
fixed point theorems in complete d-metric space.

Theorem 3.3.2. [1] Let (X, d) be a complete dislocated metric
space. Let T : X — X be continuous mapping satisfying,

d(Tz,Ty) < ad(z,y) + pd(x, Tx) + vd(y, Ty)

gl T2)dy, Ty) , dlz, Tr)d(y, Ty)
d(z,y) d(z,y)
forallz,y € X and o+ +v+ 0+ 4p < 1. Then, T has a

unique fized point.

Theorem 3.3.3. [1] Let (X, d) be a complete dislocated metric
space. Let S, T : X — X be continuous mappings satisfying,

d(Sx,Ty) < hmax{d(z,y),d(x, Sz),d(y, Ty)}

forall x,y € X and 0 < h < 1 then S and T have unique

common fixed point.

In 2010, K.P.R. Rao and P. Ranga Swamy [134] established
the following theorem for four mappings in d-metric space.

Theorem 3.3.4. [13}] Let (X, d) be a complete dislocated met-
ric space. Let A, B, S, T : X— X be continuous mappings satis-

Jying,

1. S(X)C B(X) and T(X)C A(X) and T(X) or S(X) is
a closed subset of X, and

2. The pairs (S, A) and (T, B) are weakly compatible such
that
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d(Sz, Ty) < hmax{ d(Ax, By),d(Ax,Sz),d(By,Ty),

d(Ax,Ty) + d(By, Sx)
5 }

for all x,y € X and 0 < h < 1 then the mappings A, B, S and

T have a common fixed point.

Theorem 3.3.5. [133] Let (X, d) be a complete dislocated met-
ric space. Let A, B, S, T : X—X be continuous mappings satis-

Jying
1. S(X)C B(X) and T(X)C A(X)
2. SA = AS and TB = BT and

3. d(Sx,Ty) < ¢(max{ d(Az, By),d(Azx, Sx),d(By, Ty),
d(Ax, Sx)d(By,Ty)
d(Azx, By) )

for all x, y € X, where ¢ : R™ — RY is monotonically non
decreasing and Y -, ¢"(t) < oo for all t > 0, then

(i) A and S (or) B and T have coincidence point or,

(ii) the pairs (A, S) and (B, T) have a common coincidence

point.

Daffer and Kaneko [31] proved the following fixed point the-
orem in complete metric space.

Theorem 3.3.6. [31] Let (X, d) be a complete metric space.
Let S be a surjective self mapping and T an injective self map of
X which satisfy the conditions that for a number a > 1 we have
d(Sz,Sy) > ad(Tz,Ty) for each z,y € X.

Then, S and T have a unique common fixed point.
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B.E Rhoades [137] extended the Theorem (3.3.6) into com-
patible mappings which is as follows.

Theorem 3.3.7. [137] Let (X, d) be a complete metric space.
Let S and T be compatible self mappings of X satisfying the
condition d(Sx, Sy) > ad(Tx,Ty) for all z,y € X and T(X) €
S(X),S continuous. Then, S and T have a unique common fixed

point.

S. Kumar [88] generalized the theorem for weakly compatible
mappings in metric space. Motivated with above theorems, we
now prove a fixed point theorem for a single pair of weakly
compatible mappings in dislocated metric space.

Theorem 3.3.8. [62] Let (X, d) be a complete dislocated metric
space. Let S, T : X — X be two continuous self mappings such
that

1. T(X) € S(X), the pair (S, T) is weakly compatible maps,

and

2. there exists a number o < %, d(Tz,Ty) < ad(Sz, Sy) V¥
T, y € X,

If one of the subspaces T(X) or S(X) is complete then S and T

have a unique common fized point.

Proof. Let xyp € X. Using condition (1), choose x1 € X such
that Sz1 = Txy. We define sequences {x,} and {y,} in X such
that y, = Sx,+1 = Tx,. Let S(X) be complete.
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Now, using condition (2), we get

d(ynyyn—i—l) = d(Txn,TIn_H)
ad(Sxy,, Spi1)
CYd(Txn—la Txn)

IA

Oéd(yn,h yn)

Hence, we get

d(yn7 yTH—l) S ad(yn—b yn) S QQd(yn—Qa yn—l) e S Oénd(y(), yl)

stnce oz<§. So, as n—o0o,a" —0

This implies that {y,} is a Cauchy sequence. So, it converges

to some element z € X. So, the subsequences {Sz,.1} — 2z and
{Tx,} — z.

Since S(X) is complete, so there exists a point u € X such
that Su = z. Now, by condition (2), we get
d(Tu,Tx,) < ad(Su, Sx,).
Now, taking limit as n — oo, we get d(Tu,z) < 0. So, this
implies that T'uw = z. Hence, Su = T'u = z. Since the pair
(S, T) is weakly compatible, so we have STu = T'Su = Sz =
Tz.
Now, we claim that z is the fixed point of 1. For this, by

condition (2), we get
d(Tz,Tz,) < ad(Sz,Sx,).
Taking limit as n — oo, we get

d(Tz,z) < «ad(Sz,z)

= ad(Tz,z)
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a contradiction. Therefore, we have Tz = z.
Hence, we get Sz = Tz = z. This shows that z is the common

fixed point of the maps S and T'.

To prove the uniqueness of fixed point, let © and v be two
common fixed points of the mappings S and T'. Then, using
condition (2), we get

d(u,v) = d(Tu,Tv) < ad(Su,Sv)
= ad(u,v),

which is a contradiction. Hence, we get u = v.

This completes the proof of the theorem. [

We have the following example in favor of above theorem.

Example 3.3.9. Let X = [0,1] and let d be defined by
d(xz,y) = |x—y| then d is a dislocated metric. Let us define the
mappings S and T by

S:U:g and Ta::g
Then, we can observe that
1 1
d(Tz,Ty) < ad(Sz,Sy) for 1<e<g

The mappings S and T are weakly compatible at x = 0 and hence

x = 0 is the unique common fixed point of the maps S and T.

Motivated with the theorem in [161], we prove the following
common fixed point theorem for two pairs of weakly compatible
mappings in dislocated metric space.
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Theorem 3.3.10. [60] Let (X, d) be a complete dislocated met-
ric space. Let A, B,S,T : X — X be continuous mappings
satisfying

1. T(X)C A(X), S(X)cCB(X), and
2. The pairs (S, A) and (T,B) are weakly compatible,
3. d(Sz,Ty) < ad(Ax,Ty) + 5 d(By, Sz) + v d(Az, By)

forall xz,y € X where a, B,y >0, 0<a+pf+7< %
Then, A, B, S, and T have a unique common fixed point.

Proof. Using condition(1), we define sequences {x,} and {y,}
in X such that

Yon, = Bxopi1 = Swa,, and

Yont1 = Axopio = Twop1,n =0,1,2...

If 9, = yo,41 for some n, then Bxo, 1 = T'x9,.1.Therefore xq, 1
is a coincidence point of B and 7.

Also, if yo,11 = Yonio for some n, then Axg,. 0 = Sw9,.9. Hence
Top4o 18 a coincidence point of S and A.

We assume that yo,, # yo,+1 for all n. Then, using condition (3)
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we have

d(San, Txop+1)

ad(Azgy,, Txopy1) + Bd(Bxayi1, Stay)
Yd(Axon, Brani1)

ad(Y2n—1, Yons1) + Bd(Y2n, Y2n) + Yd(Y2n-1, Y2n)
ald(y2n—1, Yon) + d(Y2n; Y2n11)]

Bld(y2n-1,yan) + d(yan, Yon+1)] + vd(Y2n-1, Y2n)
(o + B+ 7)d(yon—1,Y20) + (a + B)d(Y2n, Yon+1)

d(y2m an—l—l)

IA

_|_

VAN

+

So, we have

a+ B+
l—a—p
- hd(an—layZn)

d(Yon, Yont1) < d(Y2n—1, Y2n)

a+ B+

< 1.
l—a-—p

where h =
This shows that

d(ymynJrl) S hd(yn—layn) S S hn d(y0>y1>-

For each integer ¢ > 0, we have

d(yn, yn+q) < d(yna yn+1) + d(yn—Ha yn+2) + d(yn+2> yn+3) + ...
"""" + d(Yn+g-1, Yn+q)

< (U+h+h*+ 4 hYd(Yn, Yosr)
h?’l
1—h

IA

d<y07 yl)

Since, 0<h<1l, so we have h"—0 as n — oco.
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So, we get d(yn, Yn+q) — 0. This implies {y,} is a Cauchy se-
quence in a complete dislocated metric space. So, there exists a

point z € X such that {y,} — z. Therefore, the subsequences

1Sz}, {Brops1}, {T 2041}, and {Azzuio}

all converge to z. Since T(X) C A(X), there exists a point
u € X such that z = Au. So, using condition (3), we get

A(Su,2) = d(Su, Tws)
< ad(Au, Tzoy41) + Pd(Bxapi1, Su) + yd(Au, Bxoy 1)
= ad(z,Tros1) + Pd(Bxopi1, Su) + yd(z, Brayi1)

Now, taking limit as n — oo, we get
d(Su, z) < Bd(z, Su)

which is a contradiction, since 2a + 3 + 2y < 1. So, we have
Su = Au = z. Again, since S(X) C B(X), there exists a point
v € X such that z = Bv. We claim that z = T'.

If z # T'v, then using condition (3), we get

d(z,Tv) d(Su, Tv)

ad(Au, Tv) + pd(Bv, Su) + vd(Au, Bv)
ad(z,Tv) + Bd(z, z) + vd(z, z)
ad(z,Tv) +2(6 + v)d(z,Tv)

(o428 + 27v)d(z,Tv)

I IA

IA

a contradiction, since a4+ 28 4+ 2y < 1. So, we get z = T.
Hence, we have Su = Au =Tv = Bv = 2.

Since the pair (S, A) are weakly compatible so by definition
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SAu = ASu implies Sz = Az.
Now, we show that z is the fixed point of S .
If Sz # 2, then, using condition (3), we get
d(Sz,z) = d(Sz,Tv)
< ad(Az,Tv) + pd(Bv,Sz) + vd(Az, Bv)
= (a+pB+7)d(Sz2)
which is a contradiction. So, we have Sz = z.
This implies that Az = Sz = 2. Again, the pair (T, B) are
weakly compatible, so by definition T'Bv = BTv implies Tz =

Bz. Now, we show that z is the fixed point of T
If Tz # z, then using condition (3), we get

d(z,Tz) d(Sz,Tz)
< ad(Az,Tz)+ pd(Bz,Sz) + vd(Az, Sz)

< (a+pB+27)d(z,T%)

which is a contradiction. This implies that z = T'z.
Hence, we have Az = Bz = Sz = Tz = z. This shows that z is

the common fixed point of the self mappings A, B, S and T.

To prove the uniqueness of fixed point, let u # v be two
common fixed points of the mappings A, B, S and T. Then

using condition (3), we have

d(u,v) = d(Su,Tv)
< ad(Au,Tv) 4+ Bd(Bv, Su) + vd(Au, Bv)

= ad(u,v) + pd(v,u) + vd(u,v)
= (o + B+7)d(u,v).
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a contradiction. This shows that d(u,v) =0
Since (X, d) is a dislocated metric space, so we have u = v. This
establishes the theorem. ]

Example 3.3.11. Let X = [0, 1] and let d be defined by
d(xz,y) = |x—y| then d is a dislocated metric. Let the mappings
A, B,S and T be defined by

Sr=0, Ax= g, Tr = % and Bzxr = x.
1 1 1

Th = —_ - _
en, for some « 1 15 & y 3

the mappings A, B, S, and T satisfy all conditions of above the-
orem . Since, T(X) C A(X) and S(X) C B(X). The pairs
(S, A) and (T, B) are weakly compatible at v = 0, since SO = A0
implies that SAO0O = ASO and T0 = B0 implies that T'BO = BTO.
The contractive condition holds for any two points of X, sox =0

is the unique common fized point of mappings A, B, S and T.
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We have following corollaries:

Corollary 3.3.12. Let (X, d) be a complete dislocated metric
space. Let S, T : X — X be continuous mappings satisfying

d(Sz,Ty) < ad(x,Ty) + 8d(y, Sx) + vd(z,y)

1
forall z, y € X, where a, 8,7 >0, 0<(a+F+7) <3

Then S and T have a unique common fized point.

Proof: Let us take A = B = I an identity mapping in the
theorem (3.3.11). The sequences {x,} and {y,} will reduce to
Yoni1 = T'Topy1 and 9, = Swe,. Then, following the procedure
as in the theorem, we can show that {y,} is a Cauchy sequence
and hence converges to a point z in X. Consequently, the subse-
quences converge to z. Since T'(X) C X, so there exists a point
u € X such that z = u. Using condition (3) and letting n — oo
we get Su = z, so Sz = z. Similarly, we show that Tz = z. So,
we have Sz = Tz = z. Hence, 2z is the common fixed point of
the mappings S and T.

To prove the uniqueness of fixed point, let u and v be two
common fixed points of the mappings S and T. Then, we have

d(u,v) = d(Su, Tv) < ad(u,v)+ fd(v,u) + yd(u,v)
(a+F+7)d(u,v)

a contradiction. Hence, d(u,v) = 0 implies u = v.

If we take S = T, then the above corollary (3.3.12) reduces
to the following result.
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Corollary 3.3.13. Let (X, d) be a complete dislocated metric
space. Let T : X — X be a continuous mapping satisfying,

d(Tz,Ty) < ad(z,Ty) + Bd(y, Tr) +vyd(z,y)

forall z, y € X, where a, 5,7 >0, 0<a+p+v< %
Then T has a unique fixed point.

Proof:
Let {x,} be a sequence in X such that Tz, = x,,1. Then, we
have
d(xmwn—&—l) = d(Txn—laTxn)
< ad(xn—la :UTL—Fl) + 6d(xn7 xn) + ’Yd(xn—la xn)
< ad(z,_1, ) + ad(z,, Tny1) + 28d(xy, 1)
+ vd(xp_1, ).
This implies
2
(1~ (e, i) < 2 gt ),
—«

where h = %ﬁaﬂ < 1.

1—
So, we get d(zp, xp11) < hd(x,—1, ).

Hence, we have

d(Tn, Tpi1) < hd(zn_1, 2,) < R2d(xh_9,201) < -+ < hd(x0, 11).
Since 0 < h < 1 ;s0 for n — oo, we have d(x,,x,+1) — 0.
Hence, the sequence {x,} is a Cauchy sequence in complete met-
ric space. So, there exists a point z € X such that {x,} — z.
Since T is continuous, we have

T(z) = Lim, T (x,) = Limy ooTpi1 = 2.
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To prove the uniqueness of fixed point, let v and v are two
fixed points of T. Then, using contractive condition, we get

d(u,v) = d(Tu,Tv)

< ad(u, Tv) + Bd(v, Tu) + vyd(u,v)
ad(u,v) + pd(v,u) + vd(u,v)

— (Bt y)d(u,v)

which is a contradiction, so d(u,v) implies that u = v.

If we take A = T and B = S in Theorem (3.3.11) then it
reduces to the following corollary.

Corollary 3.3.14. Let (X, d) be a complete dislocated metric
space. Let S, T : X — X be continuous mappings satisfying

d(Sz,Ty) < ad(Txz,Ty) + £ d(Sy, Sx) +vd(Tz, Sy)

1
forall z, y € X, where o, 3,7 >0, 0<a+B+7v<j3.

Then S and T have a unique common fized point.

Remarks:

Since, our theorem (3.3.10) gives the common fixed point of
four mappings so it generalizes the results of A. Isufati [53] and
improves the K. Jha and D. Panthi [60], C. T. Aage and J. N.
Salunke [[1], [2]], R. Shrivastava, Z. K. Ansari and M. Sharma
[149], K. P. R. Rao and P. Rangaswamy [134], K. Jha, K. P. R.
Rao and D. Panthi [63] and similar other results of fixed point
in the literature.

o1



Now, we prove a common fixed point theorem four mappings

in a complete dislocated metric space.

Theorem 3.3.15. [120] Let (X,d) be a complete dislocated
metric space. Let A, B,S,T : X — X be continuous mappings
satisfying,

1. T(X) C A(X), S(X)cC B(X)
2. The pairs (S, A) and (T, B) are weakly compatible and

3. d(Sx, Ty) < ald(Az,Ty) + d(By,Sx)| + 8[d(By,Ty) +
d(Ax, Sz)| + v d(Ax, By)

forall z, y € Xwhere a, B, v >0, 0<a+G+v9< %‘.
Then the mappings A, B, S, and T have a unique common

fixed point.

Proof:
Using condition (1), we define sequences {x,} and {y,} in X
such that,

Yoo = Broyy1 = Swa,, and Yoni1 = Axopys = Taopi1,n=0,1,2...

If 9, = yo,y1 for some n, then Bxg,,1 = Tx9,.1. Therefore,
ZTont1 18 a coincidence point of B and T Also, if 9,11 = Yonio
for some n, then Axs,.0 = Sx9,12. Hence, x5, 5 is a coincidence
point of S and A. Assume that ys, # y2,+1 for all n. Then using
condition (3), we have
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d(me y?nJrl)

d(Swan, Trony1)

ald(Azan, Twopi1) + d(Brogi1, STan)]
Bld(Bxapi1, Txons1) + d(Axgy,, Sxay)]

Yd(Ax2p, Broni1)

ald(Yan—1, Yont1)] + d(Y2n, Yon)]

Bld(Yon, Yant1) + d(Y2n—1, Y2n)] + vd(Y2n-1, Y2n)
ald(Yan—1, Y2n) + d(Y2n, Yont1) + d(Y2n—1, Y2n)
d(Yan, Yon+1)] + Bld(Yan, Y2nt1) + d(Y2n—1, Y2n)]
Yd(Yon—1, Yon)

(2a + B+ 7)d(Yan—1,y20) + 2 + B)d(Y2n, Y2n+1)

+ + IN + IN + + A

Therefore, we get

20+ B+
d ny Y2n g —d n—1, Y2n
(Y2n, Y2n+1) 1—2a—ﬁ(y2 1, Y2n)
= hd<y2nflay2n)a
where,
20+ B+
h=——<1.
1—2a—p

This shows that
A(Yn, Ynt+1) < hd(Yn—1,yn) < ... < h"d(yo, ).

For every integer ¢ > 0, we have

d(yna yn+q) < d(yna yn+1) + d(yn+1> yn—l—Z) + d(yn+2a yn+3) + ...
...... + d(Yn+q—15 Yn+q)
< (14+h+h* 4+ ..+ Yd(yn, yni1)
I
1—~h

d(y07 yl)
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Since, 0<h<1l, so h"—0 as n— .

So, we get d(Yn, Yn+q) — 0. This implies {y,, } is a Cauchy
sequence in a complete dislocated metric space. So, there exists
a point z € X such that {y,} — z. Therefore, the subsequences

{Sx2n}7{Bm2n+l}7{T'x2n+l} and {Ax2n+2}

all converge to z. Since T(X) C A(X), there exists a point
u € X such that z = Au. So, using condition (3), we get

d(Su,z) = d(Su,Txo,11)

ald(Au, Tz 1) + d( By, Su)
Bld(Bxopi1, Txoni1) + d(Au, Su)]

vd(Au, Bxoy 1)

ald(z, Txoni1) + d(Bropy1, Su)| + Bld(z, Su)]
+ yd(z, Brani1).

+ 4+ IA

Now, taking limit as n — oo, we get
d(Su, z) < pd(z, Su)

which is a contradiction. So, we have Su = Au = z.

Again, since S(X) C B(X), there exists a point v € X such that
2z = Bv. We claim that z = Tw. If z # T'w, then using condition
(3), we get

d(z,Tv) d(Su, Tv)

ald(Au, Tv) + d(Bv, Su)] + Bld(Bv, Tv) + d(Au, Su)]
~vd(Au, Bv)

= ald(z,Tv) +d(z, 2)] + Bld(z, Tv) + d(z, 2)] + vd(z, 2)

(Bav+ 38 + 27)d(z, Tv),

+ A
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a contradiction. So, we get z = Tw. Hence, we have Su = Au =
Tv = Bv = z. Since the pair (S, A) are weakly compatible so
by definition SAu = ASwu implies Sz = Az. Now, we show that
z is the fixed point of S.

If Sz # 2 , then using condition (3), we get

d(Sz,z) = d(Sz,Tv)
< ald(Az,Tv) + d(Bv, Sz)| + Bld(Bv, Tv)
+ d(Az,Sz)] + vd(Az, Bv)
= al[d(Sz,z)+d(z,S2)] + Bld(z, 2) + d(Sz, Sz)]
+ ~d(Sz, z)
< (2a+48+7)d(Sz, z)

which is a contradiction. So, we have Sz = z.

This implies that Az = Sz = z.

Again, the pair (T, B) are weakly compatible, so by definition
TBv = BTv implies Tz = Bz.

Now, we show that z is the fixed point of T. If Tz # z, then
using condition (3) we get

d(z,Tz) = d(Sz,Txz)
< a[d(Az,Tz)+ d(Bz,Sz)| + Bld(Bz,Tz) + d(Az, Sz)]
+ ~d(Az, Sz)
= ald(z,Tz)+d(Tz,z2)] + Bld(Tz,Tz) + d(z, 2)]
+ ~d(z,Tz)
< (2a+48+2y)d(z,Tz)

which is a contradiction. This implies that z = T'z.

Hence, we have Az = Bz =5S2=Tz = z.

This shows that z is the common fixed point of the self mappings
A, B, SandT.
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To prove the uniqueness of fixed point, let u # v be two
common fixed points of the mappings A, B, S and T. Then
using condition (3), we have

d(u,v)

d(Su,Tv)

ald(Au, Tv) + d(Bv, Su)] + Bld(Bv, Tv) + d(Au, Su)]
~vd(Au, Bv)

ald(u,v) + d(v,u)] + Bld(v,v) + d(u, u)] + vd(u, v)
(2a+48 + v)d(u,v),

+ INA

which is a contradiction. This shows that d(u,v) = 0. Since
(X, d) is a dislocated metric space, so we have u = v. This es-
tablishes the theorem.

Now we have the following corollaries

Corollary 3.3.16. Let (X, d) be a complete dislocated metric
space. Let S, T : X — X be continuous mappings satisfying

d(Sz,Ty) < ald(z,Ty) +d(y,Sz)| + Bd(y, Ty) + d(x, Sz)]
+ yd(z,y)

Ve,y € X, where a, 3,7 >0, 0<a+8+7v< }1. Then the

mappings S and T have a unique common fixed point.

Proof:
Let A = B = I an identity mapping in the theorem. The se-
quences {z,} and {y,} will reduce to, yon,y1 = Tx2,+1 and
Yo = STo,. Then, following the procedure as in theorem, we
can show that {y,} is a Cauchy sequence and hence converges
to a point z in X. Consequently,the subsequences converge to
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z. Since T'(X) C X, so there exists a point u € X such that
z = u. Using condition (3) and letting n — oo we get Su = z,
which implies Sz = z. Similarly, we show that Tz = z. So,
Sz =Tz = z. Hence, z is the common fixed point of the map-
pings S and T.

To prove the uniqueness of fixed point, let u and v be two
common fixed points of the mappings S and T. Then, we have

d(u,v) ald(u,v) + d(v,u)] + Bld(v,v) + d(u,w)] + vd(u, v)
2ad(u, v) + 4pd(u, v) + yd(u,v)

(2a 4+ 48 + 7v)d(u, v)

IA A

which is a contradiction. So, d(u,v) = 0 implies u = v.
If we take S = T then the above corollary (3.3.16) is reduced

to the following result.

Corollary 3.3.17. Let (X, d) be a complete dislocated metric
space. Let T : X — X be a continuous mapping satisfying

d(Tz,Ty) < ald(z,Ty)+d(y, Tx)] + Bld(y, Ty) + d(x, Tx)]
+ vd(x,y)

Ve,y € X, where a, 3,7v>0, 0<a+p8+7< %.
Then the mapping T has a unique fized point.

Proof:

Let us define sequence {z,} such that T'(x,) = z,41.
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Then using contractive condition, we have

d(xm wn—i—l) = d(Txn—la Txn) S (05 + ﬁ + V)d(xn—la xn)
+ Ba+ p)d(z,, 2ni1)

which gives d(xm xn+1) < (ﬁ_gﬁt%)d(xn—la xn):
_ _atf+y
where h = A-3a-5) < 1.

So, we have d(x,, T,11) < hd(x,_1,xy)

Hence, we get

d(Tn, Tpi1) < hd(zn -1, 2,) < R2d(xh_9, 20 1) < -+ < Wd(x0, 11).
Since, 0 < h < 1 so for n — oo we have d(z,, r,+1) — 0.
Therefore, {z,} is a Cauchy sequence in complete metric space.
So there exists a point z € X such that {z,,} — 2. Since T is
continuous, we have

T(z) = Limy T (x,) = Limy oTpi1 = 2.

To prove the uniqueness of fixed point, let u and v be two
common fixed points of the mappings S and T. Using contractive
condition, we have

d(u,v) = d(Tu,Tv) < (2a + 48 + 7v)d(u,v)

a contradiction. Hence d(u,v) = 0 implies u = v.

If we take A =T and B = S in above Theorem (3.3.15), then
it reduces to the following result.

Corollary 3.3.18. Let (X, d) be a complete dislocated metric
space. Let S, T : X — X be continuous mappings satisfying

d(Sz,Ty) < ald(Tz,Ty)+ d(Sy,Sx)] + Bld(Sy, Ty) + d(Tx, Sz)]
+ ~vd(Tz, Sy)
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Vo,y € X, where o, 5,y > 0, O§a+/5+’y<i.

Then the mappings S and T have a unique common fixed point.

We prove the following common fixed point theorem for two

pairs of weakly compatible mappings in complete dislocated
metric space.

Theorem 3.3.19. [653] Let (X, d) be a complete dislocated
metric space. Let A, B, S, T:X— X be continuous mappings

satisfying,
1. A(X)C T(X), B(X)C S(X) and B(X) or A(X) is closed
subset of X.

2. the pairs (A, S) and (B, T) are weakly compatible and

d(Ax, By) < qb(max(d(Sx,Ty),d(Am, Sz),d(By, Ty),

d(Sz, By) 4+ d(Ax, Ty)))
2
for all x,y € X where ¢ : RT — R is monotonically

nondecreasing and,

> () < o0

for all t > 0, then the mappings A, B, S, and T have a unique

common fixed point.

Proof:

Since, ¢ : RT — R is monotonically nondecreasing and,
o
D () < o0
n=1
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so ¢(t) <t and consequently ¢"(t) — 0.

Let xy be an arbitrary point in X. Then, using condition (1), we
define sequences {z,} and {y,} in X such that

Yon = Axg, = Tag,41, and

Yont1 = Bropi1 = Sopi2, n=10,1,2, ...

If y9, = yony1 for some n, then Txs,,1 = Bxo,. 1. Therefore
Tons1 18 a coincidence point of B and T'. Also, if yo,11 = Yonio
for some n, then Sz, .9 = Az, 9. Hence, x9,. 9 is a coincidence
point of S and A. Assume that ys, # y2,41 for all n. Now, we

consider,

d(ana y2n+1)
= d(ASUQm B$2n+1)
< gb(max (d(SfE2na TxQn—&—l)a d(AxQna Sx2n)7 d(Bx2n—|—17 Tx?n—i—l)a

d(Sxan, Broy1) + d(Azay,, T$2n+1))>
2

¢| max (d(QQn—b an), d(QQn, y2n—1), d(92n+1, an),

d(Yan—1, Yon+1) + d(yon, y2n))>
2

= ¢ (max (d(QQn—la Yon ) d(Yn, an+1))>

If, max (d(an—l,ym), d(y2n7y2n+1)) = d(?JQn,anH)

then, d(yan, Yani1) < ¢(d(y2n,y2n+1))
which is a contradiction. So, we have

max (d(y2n—17 y2n)7 d(y2n7 y2n—|—1)) = d(QQn—la y2n)
Hence, we get

d(Y2n, Yons1) < Cb(d(yzn—hym)) (3.1)
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Again, using contractive condition (2), we get

d(an—la yzn)
— d(Axanla BxQn)

S ¢(m@x(d(SI2n_1, TxZn)a d(AxQn—b SxQn—l)a d(B$2n7 T:EQn)u

d(5$2n_1, B.flfzn) + d(A-r2n—1a Tx2n) ))
2

= ¢ max(d(yzn_z, yzn—1), d(y2n—1, yzn—z), d(y2n, yzn—1),

d(yZn—Za y2n) + d(y2n—17 y2n—1))
2

Hence, we get

d(yon—1,y2n) < O(d(yon—2,yon-1)) (3.2)

Therefore, using relations (3.1) and (3.2), we have

¢(d(yn—1> yn))

d(ynyynJrl) g
< ¢2(d(yn—2yyn—1))

IA

¢" (d(yo, 1))

Now, for n,m € N with n < m, from the triangle inequality, we
have

d(yna yn+1) + d(yn—Ha yn+2) + ...+ d(ym—la ym)
¢" (d(yo, 1)) + " (d(yo, y1)) + - + 8™ (d(vo, 1))

i (?i (d(yanl))

d(Yn, Ym)

IA A

converge to 0 as n , m tend to co as ¢(t) < t for t > 0. So, {y,}
is a Cauchy sequence in the complete dislocated metric space
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X. Hence, there exists a point z in X such that {y,} — z.
So, the subsequences

{Azo,} = 2z, {Bxopi1} = 2, {Txon1} — 2z and {Sxo,12} — 2.
Now, assume that A(X) is a closed subset of X, and we have
A(X) C T(X), then there exist v € X such that Tv = z.

If Bv # z then,using contractive condition (2), we get

d(Axs,, Bv)
< ¢(ma:v (d(SxQn, Tv), d(Axay,, STay,), d(Bv, Tv),
d(Swap, Bv) + d(Axay, Tfu)))
2
= ¢ maz(d(y2n—1,Tv), d(yon, Yon—1), d(Bv, Tv),

d(yan—1, Bv) + d(yon, Tv)
; )

Letting n — oo, we get

d(z, Bv) < ¢(max((d(z, Tv),d(z, z),d(Bv,Tv),

d(z, Bv) +d(z,Tv)
)

< d(z, Bv)

therefore, we have Bv = z = Tv.

Since B and T are weakly compatible so by definition we have
BTv =TBv implies Bz =Tz

Also if, z # Bz then using contractive condition (2), we have
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d(Axs,, Bz)
< gb(max(d(ngn,Tz),d(Aa:gn,ngn),d(Bz,Tz),
d(Sxon, Bz) + d(Azay, Tz))>
2
= ¢ maa:(d(ygn_l,Tz),d(ygn,ygn_l),d(Bz,TZ),

d(an—la BZ) + d(y2n7 TZ)
; )

Letting n — oo, we have

d(z,Bz) < qb(maa:(d(z,Tz),d(z,z),d(Bz,Tz),

d(z,Bz) +d(z,Tz)
)

< d(z,Bz).

So, we get Bz = z. Since B(X) C S(X) there exists w € X such
that Sw = z.
If Aw # z, then using contractive condition (2), we have

d(Aw, Bz) < gb(max(d(Sw,Tz),d(Aw,Sw),d(Bz,Tz)

d(Sw, Bz) + d(Aw,Tz)
2 )

Hence, we get

d(Aw,z) = ¢ <ma3: (d(z,Tz),d(Aw, z),d(z, Tz),

d(z,z) + d(Aw, z)
)
< d(Aw, z)
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This implies that Aw = z. So, we have Aw = z = Sw.

Since the pair (A,S) is weakly compatible so, ASw = SAw
implies Az = Sz.

If Az # z, then we have

d(Az,z) = d(Az, Bz)
< ¢<maas(d(Sz,Tz),d(Az,Sz),d(Bz,Tz),

d(Sz,Bz) + d(Az,Tz)
)

< d(Az,2)

which is a contradiction. Thus, we have Az = z. Therefore
we have Az = Sz = Bz = Tz = z. This shows that z is the
common fixed point of the mappings A, B, S and T

To prove the uniqueness of fixed point, let z and u be the
common fixed point of the mappings A, B,S,T. Then, using
contractive condition (2), we have

d(z,u) = d(Az, Bu)
< ¢<max(d(5z Tu),d(Az, Sz),d(Bu, Tu),
d(Sz, Bu) +d(Az Tu) )>

¢(maz( d(z,2), d(u, u),
d(z,u) +d(z w)

)
_ ¢(max(d( u),d(z, =), d(u,u)) ).

Now, replacing u by z, we get
d(z,2z) < (b( max (d(z,z),d(z,z),d(z,z))).

since ¢(t) < t, so we have a contradiction.
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Hence, d(z, z) = 0. Similarly, we can get d(u,u) = 0.
In the same way, we can show that
d(z,u) < ¢ (d(z,u)) implies d(z,u) = 0.

This shows that z is the unique common fixed point of the
mappings A, B, S and T.
This completes the proof of the theorem.

Remarks:
Since the condition on ¢ and on mappings in theorem (3.3.19)
are improved, so our result generalizes the result of of K. P. R.
Rao and P. Rangaswamy [134] and improves the results of C.

T. Aage and J. N. Salunke [2], A. Isufati [53] and other similar
results of fixed points in dislocated metric space.
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Chapter 4

Fixed Point Results in
Dislocated Quasi Metric Space

In this chapter, we introduce dislocated quasi metric space and
prove fixed point theorems which generalize, extend and unify

some well-known similar results in literature.

4.1 Introduction

In 2006, F. M. Zeyada, G. H. Hassan and M. A. Ahmed [162]
introduced various definitions and generalized the result of P.
Hitzler and A. K. Seda [49] in dislocated quasi- metric space. In
2008, C. T. Aage and J. N. Salunke [1] proved some results in
dislocated and dislocated quasi-metric spaces. In 2010,

A. Tsufati [53] has also proved some results in these spaces.

4.2 Basic Definitions

We start with the following definitions.
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Definition 4.2.1. [162] Let X be a nonempty set and let

d: XxX —[0,00) be a function satisfying following conditions:
(i) d(z, y) = d(y, ©) = 0, implies © =y, and

(1) d(x,y) < d(x,z) +d(z,y), for all z, y, z € X.

Then, d is called a dislocated quasi-metric (or simply dg-metric)
on X.

In this metric, the symmetric property of dislocated metric
space has been relaxed.

Definition 4.2.2. [162] A sequence {x,} in dislocated quasi-
metric space( dg-metric space) (X , d) is called Cauchy sequence
if for given € > 0, there corresponds ng € N, such that for all

m, n = ng, we have d(xp,, x,) < € or d(x,, x,) < €.

Definition 4.2.3. [162] A sequence {z,,} in a dislocated quasi
metric space (X,d) is said to be dislocated quasi convergent
(for short dq-convergent) to z if lim, oo d(xn, ) = limy, o
d(x,z,) =0.

In this case, z is called a dg-limit of {x,} and we write x,, — .

Definition 4.2.4. [162] A dislocated quasi metric space (X, d)
is called complete if every Cauchy sequence in it is a dq- con-

vergent.

Definition 4.2.5. [162] Let (X,dy) and (Y,dy) be dislocated
quasi metric spaces and let T : X — 'Y be a function. Then T
is continuous if for each sequence {x,} which is diq-convergent

to xg in X, the sequence {Tx,} is daq-convergent to Txy.

We state the following lemmas without proof.
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Lemma 4.2.6. [162] Every subsequence of dg-convergent se-

quence to a point xy 1S dq-convergent to xy.

Lemma 4.2.7. [162] Let (X, d) be a dislocated quasi metric
space. If T:X— X is a contraction function, then {T"(xo)} is a

Cauchy sequence for each xy € X.

Lemma 4.2.8. [162] dq-limits in a dislocated quasi metric

space are unique.

Definition 4.2.9. [162] Let (X, d) be a dislocated quasi metric
space. A map T : X — X 1is called contraction if there exists
0 < X< 1 such that d(Tx, Ty) < X d(z, y).

4.3 Fixed Point Theorems in Dislocated Quasi
Metric Space

In 1975, B. K. Dass and S. Gupta [32] generalized Banach Con-

traction Mapping Theorem through rational expressions in met-

ric space. In 1977, D. S. Jaggi [57] established the Theorem in
complete metric space.

In 2006, F. M. Zeyada, G. H. Hassan and M. A. Ahmed [162]
established the following fixed point theorem in dislocated quasi
metric space.

Theorem 4.3.1. [162] Let (X, d) be a complete dislocated met-
ric space. Let T : X — X be a continuous mapping satisfying

d(Tz, Ty) < Md(z,y), 0< A<
Then, T has a unique fized point.
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In 2008, C. T. Aage and J. N. Salunke established the follow-
ing theorem in dislocated quasi metric space.

Theorem 4.3.2. [1] Let (X, d) be a complete dislocated quasi
metric space. Let T : X — X be continuous mapping satisfying

the condition
d(Tz,Ty) < ofd(x,Tz) + d(y, Ty)]
forallz,ye X,, 0 <a< %, then T has a unique fixed point.

Theorem 4.3.3. [1] Let (X, d) be a complete dislocated quasi
metric space.

Let T : X — X be continuous mapping satisfying the condition

d(Tz,Ty) < ad(z,y)+ Bd(z,Tx) +~d(y, Ty)
+ Od(z,Ty) + d(y, Tz)]
forall z,y € X, a, 3,7v,6 > 0 which may depend on both x and
y such that sup{a+5+~v+20} < 1. Then, T has a unique fized

point.

In 2010, A. Isufati established the following theorem in dis-
located quasi metric space.

Theorem 4.3.4. [53] Let (X, d) be a complete dislocated quasi
metric space.Let T : X — X be continuous mapping satisfying

the condition
d(Tz,Ty) < ad(x,Ty)+ Bd(y, Tx) + vd(z,y)

for all x,y € X, o, 3,7 > 0 which may depend on both x and
y such that sup{2a + 258 +~} < 1. Then, T has a unique fized

point.
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R. Shrivastava, Z. K. Ansari and M. Sharma proved the fol-
lowing fixed point theorems in 2012.

Theorem 4.3.5. [149] Let T be a continuous self map defined
on a complete dislocated quasi metric space (X, d). Further, let
T satisfies the contractive condition (1.2) for all z,y € X, x # y

for some o, B € [0,1) with o+ B < 1, then T has a unique fized
point.

Theorem 4.3.6. [149] Let (X, d) be a complete dislocated quasi
metric space.Let T : X — X be continuous mapping satisfying
the condition,

(z,Tz).d(y, Ty)

d(z,y)
+ Ald(x, Tx) + d(y, Ty)] + é[d(x, Ty) + d(y, Tx)]

d(Tz, Ty) < ad(z,y) +Bd

forallz,y € X, «,8,7,0 >0, with0<a+8+2y+2) <1,
then T has a unique fized point.

K. Zoto, E. Hoxha and A. Isufati established the following
fixed point theorem in 2012.

Theorem 4.3.7. [163] Let (X, d) be a complete dislocated quasi

metric space. Let T : X — X be continuous mapping satisfying
the condition,

(z,Tz).d(y, Ty)

d(z,y)
+ Ald(x, Tx) + d(y, Ty)] + d[d(xz, Ty) + d(y, Tx)]

+ nld(x, Tx) + d(z,y)]

d(Tz,Ty) < oad(fc,y)Jrﬁd
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forallz,ye X, o, f,7,0,n20,
with 0 < a+ B+ 2y 420 +2n < 1, then T has a unique fized

point.

Now, motivated with above theorems we establish the follow-
ing fixed point theorem which unifies and generalizes the above
mentioned theorems in dislocated quasi metric spaces.

Theorem 4.3.8. [121] Let (X, d) be a complete dislocated quasi
metric space. Let T : X — X be continuous mapping satisfying

the condition

ad(z.y) + 6d(:1:, J;x(g)vd;;;, Ty)

Vd(z, Tx) + d(y, Ty)]
Old(x, Ty) + d(y, Tx)] + nld(x, Tz) + d(x, y)]
kld(y, Ty) + d(z,y)]

d(Tz, Ty)

+ o+ 4+ A

(4.1)

forallz,y € X, «,B,7,0,n, k>0, with
0<a+p+4+2v+46+2n+ 2k < 1, then T has a unique fixed

point.

Proof:

Let us define a sequence {x,} as follows:

T(x,) = xpe1, forn=0,1,2 ...

Also, let * = x,_1,and y = x,, Then, by condition (4.1) and
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using triangle inequality, we have
d(xn;xn—i—l) = d(Txn—laTxn)
d(xn—la Txn—l)-d(xm xn—i—l)
d n—1iy*n
ad(x,—1,2,) + 0 Wm0
d(xp—1,Txyp1) + d(zy, Tx,)]

[
[d(xn—la Txn) + d(ilfn, Txn—l) + n[d(xn—la Txn—l)
(xnfla ajn)] + K[d(xn: Txn) + d(SUn,l, xn)]
d(xn—ly xn)d(xny xn—&—l)
d n—1;+4n
ad(y—1,T,) + B Aln 120
Yd(Zn-1,Tn) + d(2y, Try1)]

Old(Tn—1, Tny1) + d(Tn, T0)] + nld(zn-1, )
d(vp1,70)] + Kld(Zn, Tpi1) + d(Tp-1, T0)]
(45420 +2n+ K)d(zp_1, %)

(B4 + 20 + k)d(zn, Tni1)-

IA

~
J

+ + +
Y

N+ +

+

Hence, we have

a+v+20+2n+k

A(Tp—1,Tn).
S Ty + 20 ) @by )

d(xn, Tni)

Thus, we have
d(l’n, $n+1) S )\d(xn—la xn)a

where
)= a+vy+20+2n+k
1—(B+v+20+k)

Similarly, we get d(x,_1,x,) < Ad(xp_2,Tp_1).

0< A<l

Hence, we have
d($n, I’n+1> S )\nd<x07 xl)a

so, for n — oo, we get d(z,,r,+1) — 0. Similarly, we get
d(py1,x,) — 0.
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Hence, {z,} is a Cauchy sequence in complete dislocated quasi
metric space (X, d). So, there exists a point u € X such that
{z,} = u. Since T is continuous, so we have

Tw) =T on) = B, T(on) = g nnn =0

To prove the uniqueness of fixed point, let v and v are two
fixed points of T so that, by definition, Tu = u and Tv = v. Let
u be fixed. Then, the condition (4.1) gives

d(u,u) = d(Tu,Tu)
< ad(u,u) + Bd(u, u) + 2vd(u, u) + 26d(u, u) + 2nd(u, u)
+ 2kd(u,u)

(a+ B+ 27+ 25 +2n+ 2k)d(u, u)

which implies that d(u,u) =0,
since, 0 <a+ [ +2y+40+2n+ 2k < 1.
Thus, we have d(u,u) = 0.

Similarly, we can get d(v,v) = 0, for v fixed. Again, from
(4.1), we have

d(u,v) = d(Tu,Tv)
ad(u,v) + Bd(u,duzb.dv(;),v)
dld(u,v) + d(v,u)] + nld(u, u) + d(u,v)]
kld(v,v) + d(u, v)]
— (a+ 041+ k)d(u

IA

+ y[d(u, u) + d(v,v)]

~ +

,0) 4 6d(v, u).
Similarly, we get
d(v,u) < (a+d§+n+k)d(v,u) + dd(u,v).
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Hence, we obtain
|d(u,v) — d(v,u)| < (o + 71+ &)|d(u,v) = d(v,u)],

which is a contradiction. So, we have d(u,v) = d(v,u).

Again, by (4.1), d(u,v) < (a+ 25 + 1+ k)d(u,v).

which implies that d(u,v) = 0. Hence, we have d(u,v) =
d(v,u) = 0.

Therefore, we have u = v.

This completes the proof of theorem.

Remarks: In our theorem (4.3.8),

1. If we put Kk = 0, we get the Theorem 3.1 of K. Zoto, E.
Hoxha and A. Isufati [163].

2. If we put n = k = 0, we obtain the Theorem 3.5 of R.
Shrivastav, Z. K. Ansari and M. Sharma [149].

3. If we put v =90 = n = k = 0, we obtain Theorem 3.3 of
[149].

4. If we put f =n =k = 0, we obtain the Theorem 3.5 of C.
T. Aage and J. N. Salunke [1].

5. If we put 8 =~ =1 =k =0, we get Theorem 3.2 of A.
[sufati [53].

6. If weput 8 =v=0=n=kr =0, we get the Theorem 2.1
of F. M. Zeyada, G. H. Hassan and M. A. Ahmed [162].

Thus, our result extends and unifies the results of [1],[53],[149],
[162],[163] and other similar results.
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Again, we have obtained the following fixed point theorem in
dislocated quasi metric space.

Theorem 4.3.9. Let (X, d) be a complete dislocated quasi met-
ric space. Let T : X — X be continuous mapping satisfying the

condition
LT ol Ta) + dly, T)
+ Old(z,Ty) + d(y, Tx)] + nld(xz, Tx) + d(z,y)]

+ wld(y, Ty) + d(z,y)] + d(fcﬂziy(ld;;:,Tgc)

dTe,Ty) < ad(z,y)+ 5

(4.2)

forallz,y e X, o, B,7,0,n,k, p 20,
with 0 < a++27+40+2n+2k+2u < 1, then T has a unique
fixed point.

Proof:
Let us define a sequence {x,} as follows:
T(x,) =xpe1, forn=0,1, 2, ....
Also, let * = x,_1,and y = x,, Then, by condition (4.2) and
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using triangle inequality, we have
d(xp, Tpy1) = d(Txp_1,Txy)
ad(xp—1,2,) + B A, Z,}Z z_ll)j'ifjn’ Tt 1)
y[d(xpn_1, Txn 1) + d(zy, Txy)]
Sld(zn_1,Txy) + d(zp, Txy_1) + n[d(zn_1, TTy 1)
d(xn_1,20)] + K[d(xn, Tzy) + d(zn_1, 2,)]

d(xp—1,Txy).d(xn—1,TTy 1)

d(Tp_1, %)

ad(ry_1,7,) + ﬁd(xn_g(xxz)_'i(j:)’ Tnt1)
Yd(@n-1,25) + d(Tn, Tnt1)]

[d(2p—1, Tpy1) + d(20, 7)) + 0]d(Tp-1, T0)
d(p1, zn)] + K[d(Tn, Tpy1) + d(Tp-1, 1))

d(Tn—1, Tpy1)-d(2n—1, Tp)

d(xp—1,x,)

(a+v+204+2n+ K+ p)d(xn—1,2,)

B+~ +20+ K+ p)d(Tn, vner)

IA

+ o+ 4+ o+

[«9)

+ A+ 4+ +

hence,

oz+’y+25+277+/i+,ud
T 1-B+v+20+K+p)
Thus, we have

d(xn, Tni) (Tn_1,Tn), 0< <1

d(afm xn+1) < )\d(xnfla xn)

where
a+y+20+2n+K+p
1—(B+y+20+r+pn)

Similarly, we get d(z,_1,7,) < Ad(Tp_9, Tp_1)-

A:

Hence, we have

d(Tp, Tny1) < N'd(z0, 1),

76



Now, for any m,n with m > n and using triangle inequality, we

get
d(l’n, xm) S d(l’n, xn—l—l) + d(xn—i-l; xn—|—2) + e d(xm—la xm)
< )\”d(xo, 371) + /\n+1d($0, xl) + -+ )\m_ld(.ﬁ?o, xl)
< (A" AT N2 D d (2, )
A
= 1_ )\d(af(),l‘l).

For any e, we choose N > 0 such that %d(wo, x1) < €.
Then, for any m > n > N, we have

N n

d(xnaxm) S f\__Ad(xﬂaah) S 1)\_—)\d<1'0,x1).

Similarly, we can show that d(x,,,x,) < .

Hence, the sequence {z,} is a Cauchy sequence in complete
dislocated quasi metric space (X, d). So, there exists a point
u € X such that {z,} — u. Since T is continuous, so we have

Tl = TCI m) = 0 Tlom) = JHg P =0

To prove the uniqueness of fixed point, if possible, let u and
v are two fixed points of T so that, by definition, Tu = u and
Tv = wv. Let u be fixed. Then, the condition (4.2) gives

du,u) = d(Tu,Tu)
< ad(u,u) + Bd(u,u) + 2vd(u,u) + 20d(u, u)

+ 2nd(u,u) + 2krd(u, u) + pd(u, u)
(0 + B +2v4+25+2n+ 26+ p)d(u, u)
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which implies that d(u,u) = 0,

since 0 <a+ [+2v+46 +2n+ 2k +2u < 1.

Thus, we have d(u,u) =0

Similarly, we can get d(v,v) = 0, for v fixed. Again, from (4.2),
we have

d(u,v)

d(Tu, Tv)

ad(u,v) + ﬁd ’dz(bzt.,dv(;}, v)
Sld(u,v) + d(v, w)] + nld(u, u) + d(u, v)]
kld(v,v) + d(u,v)] + pd(u, u)

(46 +n+ r)d(u,v) + dd(v, u).

(u

IA

+ y[d(u, u) + d(v,v)]

+ -

Similarly, we get
d(v,u) < (a+d§+n+k)d(v,u) + dd(u,v).
Hence, we obtain
d(u,v) —d(v,u)| < (a+n+ K)|d(u,v) — d(v,u)],

which is a contradiction. So, we have d(u,v) = d(v, u).

Again, by (4.2) with substitutions, we obtain

d(u,v) < (425 +n+ k)d(u,v).

which implies that d(u,v) = 0. Hence, we have d(u,v) =
d(v,u) = 0. Therefore, we have u = v.

This completes the proof of theorem.
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Future Research Scope

Some of the future aspects of fixed point results in dislocated
and dislocated quasi metric spaces are as follows:

1. To ensure the fixed point results for rational type contrac-
tive conditions in dislocated and dislocated quasi-metric

spaces.

2. Dislocated and dislocated quasi metric spaces are open wide
areas of research activities for the establishment of fixed
point results under weaker contractive definitions like com-
patible, semicompatible, weakly compatible, occasionally
weakly compatible and non compatible mapppings etc.

3. There is a wide scope to study common fixed point theo-
rems for pairs of mappings and even for sequence of map-
pings in these spaces.
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